The aim of this work is to present active vibration control of stiffened plates. A stiffened plate finite element with piezoelectric effects is formulated. The characteristic feature of the stiffener is that it can have any shape in plan and need not pass through the nodal lines of the finite element mesh. The coupling between the direct and the converse piezoelectric effects is neglected for simplicity. A velocity feedback algorithm is employed in the active control. Numerical examples for vibration control of isotropic and orthotropic stiffened plates have been presented. Ó
Introduction
Active vibration control of stiffened structures is an important problem in various practical situations. In aircraft structures, the wings and fuselage consist of a skin with an array of stiffening ribs. Such structures are subjected to dynamic loads and their control is of paramount importance in safe and smooth functioning of the system. Bailey and Hubbard [1] proposed the use of distributed piezoelectric transducers in active vibration control of beams. Anderson and Hagood [2] discussed issues related to simultaneous sensing and actuation in structural control. Tzou [3] gave exhaustive information on vibration control of beams, plates and shells using piezoelectric materials. Gaudenzi et al. [4] demonstrated the aspects of vibration control of beams with collocated PZT piezopatches using velocity and position feedback systems. Lam and Ng [5] presented theoretical formulation for laminated plates using classical plate theory and Navier solutions. A negative force-cum-moment feedback algorithm is used in controlling the dynamic response of the plates. Chandrashekhara and Agarwal [6] presented a finite element approach to active vibration control of laminated composite plates using piezoelectric devices. Investigations on vibration control of plates have been carried out and their reference is available in the literature [5, 7] . In practice, however, plates are often re-inforced by stiffeners. These stiffeners alter the dynamic characteristics of the plate to a great extent. Therefore, inclusion of the stiffeners in the model is very important. Moreover, the stiffeners vary widely in shape, size, orientation and number. In the existing literature very few publications on vibration control of stiffened plates are available. Some of these include piezoelectric stiffeners [7, 8] , stack actuators in angle stiffened plates [9] and layered plates [10] .
In this paper, we present a general formulation for the active vibration control of stiffened plates with piezoelectric actuators. The stiffener can take any arbitrary shape in plan and the element can accommodate the stiffener anywhere in the finite element mesh. This feature liberates the finite element mesh from the rigors of accommodating the stiffeners of varying planforms along the nodal lines. The efficacy of the formulation has been demonstrated with several examples.
Mathematical formulation
The dynamic force equilibrium of a structure subjected to time-dependent forces can be written as a set of second-order differential equations in the following form:
where M, C and K are the mass, damping and stiffness matrices of the system and € d d, _ d d and d are the acceleration, velocity and displacement vectors. The force vector FðtÞ comprises of the vectorial sum of external 
where U, V and W are the displacements in x, y and z directions at any point in the element. The terms u 0 , v 0 and w 0 are the reference plane displacements, and h x and h y are the rotations of transverse normal about x and y axes. The detailed formulation of the plate element is discussed elsewhere [11] . The stiffener formulation is elaborated in the present paper. For the stiffener all the parameters such as geometry as well as displacements are expressed in terms of the plate shape functions. Since the stiffener can be of any planform the displacement field at any point of the stiffener has been expressed in terms of the local co-ordinates tangential to the stiffener at that point. The displacement field is as follows ( Fig. 1) :
where the variables in primes depict the local co-ordinates. The strain components for the stiffener element in x 0 -y 0 system are given as
Eq. (3) is written in concise form as 5 ;
x 0 are the strain components at any point in a crosssection of the stiffener, and x 0 are the strain components in terms of the displacements of the reference axis.
The relationship between the global x co-ordinates and the local x 0 and y 0 co-ordinates is as follows: 
The derivatives of x and y with reference to x 0 are given by ox ox 0 ¼ cos /;
The components of the generalized strain vectors are obtained as follows: 
The generalized strain vectors are obtained in terms of the global strains through the following and substituting cos / ¼ c, sin / ¼ s and sin 2/ ¼ 2s:
Eq. (9) is written in concise form as
where x is the strain vector corresponding to the plate, and T is the transformation matrix. Thus, the strain-displacement matrix for the stiffener is expressed in terms of the plate strain-displacement matrix as
Using the principle of minimum potential energy the stiffness matrix is obtained as
where
where D D is the matrix of elastic constants.
Consistent mass matrix
The consistent mass matrices of the plate and the stiffener element are developed by assuming acceleration fields similar to the displacement fields as shown in Eqs.
(2) and (3) . The details of mass matrix formulation for the plate element are given elsewhere [13] . In this paper, only the stiffener mass matrix is derived. The acceleration field of the stiffener is as follows:
The above equation can be expressed in terms of the reference plane accelerations as
where G s is the matrix relating the stiffener acceleration field to the acceleration vector € d d € d d 0 at the reference plane of the plate in x 0 -y 0 system and contains the co-ordinates y 0 and z. Expressing reference plane accelerations in global co-ordinates
Using the isoparametric shape functions the accelerations at any point in the reference axis of the plate
where N r is the shape function of the node r, I 8 is an identity matrix of eighth order, € d d r are the nodal accelerations, and n is the number of nodes in the element. The consistent mass matrix is written as
t ¼ thickness of the stiffener;
b ¼ breadth of the stiffener:
Damping matrix
In the present work, we use Rayleigh damping in that the damping matrix C is expressed as
where a and b are the stiffness and mass proportional damping constants.
Force vector
The force vector comprises of two parts; viz. the externally applied time-dependent forces and the timedependent actuator forces generated due to piezoelectric effects. The sensors in the system sense the signal due to externally applied forces. The signal is fed back to the actuator that generates the control forces. In this section, the formulation of the sensor and actuator mechanics is discussed in brief.
Sensor mechanics
The equation governing the sensor mechanics is as follows:
where D k corresponds to the electric field displacement vector, e k is the matrix of piezoelectric constants, k is the strain vector, k is the matrix of dielectric constants, and E k is the electric field intensity of the kth layer.
Integrating the electric field displacement vector over effective area of the electrode surface would give the surface charge collected. In the case of a plate, it is assumed that for a piezoelectric layer acting as a sensor the electric field intensity is zero. Eq. (19) is thus simplified to
According to the Gauss law, the closed circuit charge measured through the electrodes of a sensor patch in the kth layer is
where R is the effective surface electrode of the patch. The effective area is the overlapping area of the electrode surfaces on both sides of the lamina. In case of a sensor the piezoelectric patch acts as the effective electrode surface. Therefore, the above equation transforms to
where e is the matrix of piezoelectric constants, B is the strain-displacement matrix, and d e is the global displacement vector.
The sensor voltage is computed as follows:
where C ¼ e e A t ¼ capacitance of the piezoelectric layer;
where e e is the permittivity, A is the active (overlap) area of piezoelectric layer, and t is the piezoelectric layer thickness.
Actuator mechanics
The converse piezoelectric effect equation is expressed as
where D D is the matrix of elastic constants, E j is the electric field vector, and D j is the electric displacement vector.
The electric field vector is assumed to act across the thickness of the plate so that the electric field intensity is calculated as
where the subscript 3 refers to the z direction, h k is the thickness of the kth layer, and V k is the voltage across the kth layer. The equivalent force and moments are The nodal force vector is given as
The piezoelectric force effects are also incorporated in the stiffener formulation. The strain-displacement matrix obtained in Eq. (11) is used to compute the nodal forces and moments generated due to piezoelectric layers in the stiffener. Thus,
where N p s and M p s are the actuator forces and moments generated in the stiffener.
A note on integration
The integration of Eqs. (12) , (17) and (28) is carried out using the Gaussian integration method. In the present formulation the stiffener can have any arbitrary planform (Fig. 2) .
Therefore, a special technique is to be adopted to find out the integration points and the Jacobian needed for the transformation. The path of the stiffener within the plate element is defined by three given points. The coordinates of these points in isoparametric co-ordinate system are found out by iterative solution of a biquadratic equation. The Cartesian co-ordinates can be mapped into the isoparametric (n; g) system by using the shape functions of the plate. The biquadratic equation is given as
where N r is the shape function for the node r, n is the total number of nodes in the element, and x r and y r are the nodal co-ordinates of the plate. The solution to the set of non-linear equations, i.e., the isoparametric coordinates corresponding to the ðx; yÞ system, can be found out by Newton's iterative technique
It is to be noted that the planform of the stiffener in the isoparametric co-ordinates need not be a straight line. The general equation of a curve through three points can be expressed as
Since the ðn; gÞ co-ordinates of each of the three points are known, we get a system of three simultaneous equations, which are as follows: 
The values of the coefficients a, b and c can be calculated by solving Eq. (32). Since the limits of the n coordinates are obtained, they are mapped into another isoparametric (a) system, ranging from )1 to +1 so that the stiffener element becomes a three noded element in a co-ordinate. Therefore,
A two-point Gauss integration scheme is followed and the values of n corresponding to the Gaussian points in a system are calculated according to Eq. (33). The g co-ordinates corresponding to the evaluated values of n are found out using Eq. (31). Thus Eq. (11) reduces to
where NI is the number of integration points, w ij is the corresponding weight, and J a is the Jacobian for the transformation of co-ordinates. The points of integration are chosen on the a co-ordinate system. Using Eq.
(31) these points are mapped on the ðn; gÞ system and the ðn; gÞ are mapped to the x-y co-ordinates. The Jacobian J a is written as
Similarly, the nodal force vector due to actuators bonded to the stiffener is evaluated from Eq. (28) as Fig. 2 . A stiffener in x; y and n; g co-ordinates.
Control algorithm
Commonly used control algorithms are based on displacement and velocity feedbacks. In the present work a velocity feedback control is employed. The sensor signal is differentiated with respect to time, amplified and fed back to the actuators. Unlike the displacement feedback where along with the formation of control forces the system frequencies also get modified, in velocity feedback the control forces generated by the actuators augment only the damping characteristics of the system. The velocity feedback signal is defined as
where V a is the actuator voltage, G is the gain, and V s is the sensor voltage.
Numerical examples
In the first example we validate the formulation by comparing our results with the published results. In the subsequent examples, stiffened plates with various boundary conditions are analyzed. In all examples, the piezoelectric layers are treated as self-sensing actuators.
Example 1 (A square clamped plate subjected to air blast). Houlston et al. [12] have experimentally investigated the structural response of a clamped plate under air blast (Fig. 3) . The plate (508 Â 508 mm) is analyzed using a 10 Â 10 mesh. The constituent properties of the plate are given in Table 1 . The natural frequency parameter (k ¼ xa 2 ffiffiffiffiffiffiffiffiffiffi qt=D p ) is compared in Table 2 . In this expression, a is the length of the plate and D is the flexural rigidity. The agreement between the natural frequencies predicted by the present technique and that of previous investigators is very good. The displacement time history at the center of the plate is presented with that of the other investigators in Fig. 4 .
The plate is analyzed for controlled response using two PZT layers (Table 3) , one each at top and bottom. The displacement response is presented in Fig. 5 for different values of gain (Eq. (37)). It is observed that as the gain increases the response attenuates faster. However, the gain is limited a maximum value beyond which instead of attenuation the system response amplifies. Example 2 (Active vibration control of stiffened plate subjected to air blast). A glass-reinforced polyester plate (Table 4) , with two opposite edges free and the other two edges clamped, is analyzed using a 10 Â 10 finite element mesh. The dimensions of the plate are 300 mm ðfreeÞ Â 375 mm ðclampedÞ. The plate contains a stiffener (3 mm wide and 6mm thick) running through the centerline of the plate parallel to the free edges. The thickness of the stiffened plate is 2.32 mm. The material properties are given in Table 3 . The natural frequencies of the system corroborate well with the published results [10, 11] (Table 5 ).
The plate is subjected to an air blast ( Fig. 3 ) and the response is controlled by attaching two PVDF layers (Table 6) , one each at top and bottom. In the forced vibration analysis first seven modes are considered and the material damping is neglected. The displacement responses for various gains are shown in Fig. 6 . The oscillation damps out very quickly as the gain increases. The controlled responses show a shift in the periodicity in comparison to the uncontrolled response. This may be due to the added stiffness of the PVDF layers.
Example 3 (A stiffened cantilever plate subjected to sinusoidal load). A graphite-epoxy (AS4/3501) crossply laminated ð0=90Þ s cantilever plate (508 mm Â 508 mm Â 2 mm thick) is subjected to a sinusoidal load ðf ¼ f 0 sinð5ptÞÞ for a duration of 0.5 s. The responses of the structure are observed for a duration of 3 s. The plate is stiffened with two stiffeners (5 mm wide and 10 mm thick). The stiffeners are placed at a 3/5th distance from the centerline along the width of the plate. The material properties of the plate and the stiffeners are given in Table 7 . Two PZT layers (Table 2) , each attached at top and bottom of the plate, are used to control the vibration. Taking advantage of symmetry about x-axis, only one half structure is modeled using a 10 Â 5 finite element mesh (Fig. 7) . The normalized tip displacement response for different gains is presented in Fig. 8 . It is seen that the attenuation is predominant in the free vibration phase. The enlarged view of the response is shown in Fig. 9 to compare the attenuation rate for different gains.
The same plate is analyzed without the stiffeners and the normalized tip displacement responses are obtained (Fig. 10) . The results show a marked difference in the response pattern between the stiffened and bare plates. In case of the bare plate, as the gain is increased the response shows participation of higher modes. Thus, it can be said in this case that the actuation tends to excite higher modes.
Example 4 (Cantilever plate with stiffener not passing through the nodal line). The present stiffener formulation allows the stiffener to be independent of the finite element mesh. The efficacy of this formulation is examined in this example. The plate in Example 3 is reanalyzed by changing the mesh division so that the stiffener passes through the lower one-third portion of the row of the elements (Fig. 11) . The location of the stiffener on the plate is same as in the previous example. The gain in this case is 0.001. The natural frequencies of the system compare well with those in Example 3 ( Table 8 ). The displacement response in both the cases compares well (Fig. 12 ). This validates the formulation when the stiffener is away from the nodal lines. Dielectric coefficients (F m À1 ) 1 :062 Â 10 À10 Fig. 7 . Cantilever plate with stiffener passing through the nodes. 
Closing remarks
In this paper, the active control of stiffened composite plates using piezoelectric materials has been presented. The stiffener has been formulated in such a way that it can have any shape in plan and need not pass through the nodal lines of the finite element mesh. The efficacy of the formulation with the stiffeners away from nodal lines has been established. This feature is helpful in analyzing the plates with irregular shapes. Several problems of stiffened plates under a variety of excitations have been solved. The effect of altering gain in actuation has been studied. It is observed from one of the examples that the actuation effect tends to excite higher-order modes. This needs to be verified by solving similar problems. Further, the present formulation can be effectively employed in the analysis of plates with electrical stiffeners. The electrical stiffeners are the stiffeners with piezoelectric effects and may prove effective in vibration control as by changing the applied voltage the stiffening effect could be altered. Results of this investigation will be reported shortly. 
